Abstract. We study a version of the Hermitian curvature flow on compact homogeneous complex manifolds. We prove that the solution has a finite exstinction time T > 0 and we analyze its behaviour when t → T . We also determine the invariant static metrics and we study the convergence of the normalized flow to one of them.
Introduction
Given a Hermitian manifold (M, J, h) it is well-known that there exists a family of metric connections leaving the complex structure J parallel (see [6] ). Among these the Chern connection is particularly interesting and provides different Ricci tensors which can be used to define several meaningful parabolic metric flows preserving the Hermitian condition and generalizing the classical Ricci flow in the non-Kähler setting. In [7] Gill introduced an Hermitian flow on a compact complex manifold involving the first Chern-Ricci tensor, namely the one whose associated 2-form represents the first Chern class of M (see also [14] for further related results). In [13] Streets and Tian introduced a family of Hermitian curvature flows (HCFs) involving the second Ricci tensor S together with an arbitrary symmetric Hermitian form Q(T ) which is quadratic in the torsion T of the Chern connection:
For any admissible Q(T ) the corresponding flow is strongly parabolic and the short time existence of the solution is estabilished. This family includes geometrically interesting flows as for instance the pluriclosed flow that was previously introduced in [12] and preserves the pluriclosed condition ∂∂ω = 0. More recently Ustinovskiy focused on a particular choice of Q(T ) obtaining another remarkable flow, which we will call HCF U for brevity, with several geometrically relevant features (see [15] ). In particular Ustinovskiy proves that the HCF U on a compact Hermitian manifold preserves Griffiths non-negativity of the Chern curvature, generalizing the classical result that Kähler-Ricci flow preserves the positivity of the bisectional holomorphic curvature (see e.g. [10] ). In [17] the author could prove stronger results showing that the HCF U preserves several natural curvature positivity conditions besides Griffiths positivity. In [16] Ustinovskiy focuses on complex homogeneous manifolds and proves that the finite dimensional space of induced metrics (which are not necessarily invariant) is preserved by the HCF U .
Given a connected complex Lie group G acting transitively, effectively and holomorphically on a complex manifold M , a simple observation shows that M does not carry any G-invariant Hermitian metric unless the isotropy is finite. More recently in [9] Lafuente, Pujia and Vezzoni considered the behaviour of a general HCF in the space of left-invariant Hermitian metrics on a complex unimodular Lie group.
In this work we focus on C-spaces, namely compact simply connected complex manifolds M which are homogeneous under the action of a compact semisimple Lie group G. By classical results M fibers over a flag manifold N with a complex torus as a typical fiber F ; in particular we consider the case where N is a product of compact Hermitian symmetric spaces and F is non-trivial (so that M does not carry any Kähler metric). While the analysis of a generic HCF on these manifolds seems to be out of reach, some special flows may deserve attention. In view of the classification results obtained in [5] for C-spaces carrying invariant SKT metrics, the pluriclosed flow can be investigated only in very particular cases of such spaces (see also [3] for the analysis of the pluriclosed flow on compact locally homogeneous surfaces and [2] for the case of left-invariant metrics on Lie groups). On the other hand the HCF U is geometrically meaningful and can be dealt with more easily. Actually we are able to write down the flow equations in the space of G-invariant metrics in a surprisingly simple way. In particular we prove the remarkable fact that the flow can be described by an induced flow on the base, which depends only on the initial conditions on the base itself, and an induced flow on the fiber. Moreover the maximal existence domain is bounded above and we can provide a precise description of the limit metric. Indeed we see that the kernel of the limit metric defines an integrable distribution whose leaves coincide with the orbits of the complexification of a suitable normal subgroup S of G. When the leaves of this foliation are closed, we can prove the Gromov-Hausdorff convergence of the space to a lower dimensional Riemannian homogeneous space. We are also able to estabilish the existence and the uniqueness up to homotheties of invariant static metrics for the HCF U . These metrics turn out to be particularly meaningful when S = G, as in this case the normalized flow with constant volume converges to one of them.
The work is organized as follows. In Section 2 we give some prelimiary notions on Cspaces and the HCF U . In Section 3 we compute the invariant tensors involved in the flow equations and in Section 4 we prove our main result, which is summarized in Theorem 4.4 and Proposition 4.5.
Notation. Throughout the following we will denote Lie groups by capital letters and the corresponding Lie algebras by gothic letters. The Cartan Killing form of a Lie algebra will be denoted by κ.
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Preliminaries
We consider a compact simply connected complex manifold (M, J) with dim C M = m and we assume that it is homogeneous under the action of a compact semisimple Lie group G of biholomorphisms, namely M = G/L for some compact subgroup L ⊂ G. By Tits fibration theorem the manifold M fibers G-equivariantly onto a flag manifold N := G/K, say π : M → G/K, and the manifold N can be endowed with a G-invariant complex structure I so that the fibration π : (M, J) → (N, I) is holomorphic. Since M is supposed to be simply connected, the typical fiber F := K/L is a complex torus of complex dimension k (see e.g. [1] ). Such a homogeneous complex manifold, which will be called a simply connected C-space (see [18] ), is not Kähler if the fiber F is not trivial.
In this work we will assume that the base of the Tits fibration is a product of irreducible Hermitian symmetric spaces of complex dimension at least two. More precisely, if we write G as the (local) product of its simple factors, say
At the level of Lie algebras we can write the Cartan decomposition g i = k i ⊕ n i for each i = 1, . . . , s. We recall that the center of k i is one-dimensional and spanned by an element Z i so that k i = s i ⊕ RZ i , s i being the semisimple part of k i , and ad(Z i ) = I| n i . We can now write the following decompositions
Note that f and m := f ⊕ n identify with the tangent spaces to the fiber and to M respectively.
Since the fibration π : M → N is holomorphic, the complex structure J ∈ End(m) can be written as J = I F + I, where I F is a totally arbitrary complex structure on the fibre F .
We now consider a G-invariant Hermitian metric h on M , which can be seen as an ad(l)-invariant Hermitian inner product on m. As the s i 's are not trivial, we have that l acts non-trivially on n and trivially on f, therefore h(f, n) = 0. In particular the restriction h| f×f is an arbitrary Hermitian metric.
Moreover, the ad(l)-modules n i are mutually non-equivalent, hence h(n i , n j ) = 0 if i = j. If n i is s i -irreducible, then Schur Lemma implies that
where h i ∈ R + and κ i denotes the Cartan-Killing form on g i . Note that this is always the case unless g i = so(n + 2) and k i = so(2) ⊕ so(n) (n ≥ 3). Throughout the following we will assume that none of the Hermitian factors of the basis N is a complex quadric. Given a G-invariant Hermitian metric h on M , we can consider the associated Chern connection ∇, which is the unique metric connection (∇h = 0) that leaves J parallel (∇J = 0) and whose torsion T satisfies for X, Y tangent vectors ] of ∇ gives rise to different Ricci tensors and we are mainly interested in the second Chern-Ricci tensor S which is given by
where {e 1 , . . . , e 2m } denotes an h-orthonormal basis. In [13] Streets and Tian have introduced a family of Hermitian curvature flows on any complex manifold given by
where Q(T ) is symmetric, J-invariant tensor which is an arbitrary quadratic expression involving the torsion T . In [13] the authors proved the short time existence for all these flows for any initial Hermitian metric. In [15] Ustinovskiy considered a special Hermitian flow where the quadratic term Q(T ) is given in complex coordinates by
For the corresponding Hermitian curvature flow (HCF U ) Ustinovskiy could prove several important properties, in particular that it preserves the Griffiths positivity of the initial metric.
We now focus on this Hermitian flow on the class of homogeneous compact complex manifolds (M, J) we have introduced in this section. In particular we note that the flow evolves along invariant Hermitian metrics whenever the initial metric is so.
The computation of the tensors
In this section we compute the Ricci tensor S and the quadratic expression Q(T ) in (2.2) for a G-invariant Hermitian metric h on the complex manifold M = G/L. Throughout the following we keep the notation introduced in the previous section.
We choose a maximal abelian subalgebra
gives a Cartan subalgebra of g c and we will denote by R the associated root system of g c . We denote by R i the subset of R given by all the roots whose corresponding root vectors belong to g c i for
Moreover the invariant complex structure I| n i on n i determines an invariant ordering of
for every v ∈ g α with α ∈ R ± n i . We will use a standard Chevalley basis {E α } α∈R of g c with
Let h be an invariant Hermitian metric on M , i.e. an ad(l)-invariant symmetric Hermitian inner product on m. We recall that h| n i ×n i := −h i κ i and by the ad(a)-invariance be have
In the complexified tangent space f c of the fiber we fix a complex basis V := {V 1 , . . . , V k } of f 10 . We also put h ab := h(V a , V b ) and H := (h ab ) a,b=1,...,k . If we split m c = m 10 ⊕ m 01 with respect to the extension of J on m c , the torsion T can be seen as an element of Λ 2 (m * ) ⊗ m and it satisfies
The Chern connection ∇ is completely determined by the corresponding Nomizu's operator Λ ∈ m * ⊗ End(m) (see e.g. [8] ), which is defined as follows: for X, Y ∈ m we set Λ(X)Y ∈ m to be so that at o :
where for every Z ∈ m we denote by Z * the vector field on M induced by the one-parameter subgroup exp(tZ). Since ∇ preserves J, the Nomizu's operator satisfies Λ(v)(m 10 ) ⊆ m 10 for every v ∈ m c . Now we recall that the torsion T can be expressed as follows: for X, Y ∈ m (see e.g. [8] )
Therefore using (3.1) and (3.2) we see that
Proof. a) If A ∈ n 10 and w ∈ f 10 , we have by (3.3) and using the fact that
therefore Λ(w)E α = ad(w)E α . At this point it is easily seen that Λ(w)w ′ = 0 = ad(w)w ′ , so Λ(w) = ad(w). Conjugation yields also Λ(w) = ad(w), hence assertion d) follows.
Using the previous Lemma we can compute the torsion tensor as follows.
Lemma 3.2. Given α, β ∈ R + n i , γ ∈ R + n j with i = j, and w, w ′ ∈ f 10 we have
Proof. a) From Lemma 3.1(a) and (3.2), we see that
This proves the assertion. b) By Lemma 3.1(c)-(d) and (3.2) we have
c) It follows immediately from Lemma 3.1(d).
In order to compute the curvature tensor R, we use the general formula given in [8, p. 192] (cf. also [11] ): for X, Y ∈ m
Proof. a) Using (3.4) and Lemma 3.1 we have
b) is proved similarly. c-d) We have, using (3.4), Lemma 3.1 and the fact that f c is abelian:
and, for similar reasons,
We can now compute the second Chern-Ricci tensor S. If β ∈ R + n i we have by Lemmas 3.1, 3.3:
where we have used that
We now compute the tensor Q(T ). For α ∈ R + n i , i = 1, . . . , s, set
We fix a h-orthonormal basis {e a } a=1,...,k of f 10 . In the following, we shall use the greek letters α, β, . . . as indices varying among the positive roots, while the lowercase latin letters a, b, . . . will denote indices varying in the set {1, . . . , k}. Finally, latin capital letters A, B, . . . will vary both among the positive roots and the elements of the set {1, . . . , k}. So we have, if β ∈ R + n i ,
The last equality in the previous formula holds noting that, if one writes H 01 β = a λ a e a for suitable λ a ∈ C, then
Moreover, using Lemma 3.2 we immediately see that Q(T )(f, f) = 0 and Q(T )(f, n) = 0. We can now write an expression for the tensor
which governs the flow (2.1). Namely,
The analysis of the flow and static metrics
Starting from an invariant Hermitian metric h o , the unique solution to the flow equation (2.1) consists of G-invariant Hermitian metrics on M . Therefore using (3.5) we can write the flow equations as follows
2 , for i = 1, . . . , s. In order to write the equations in (4.1) relative to the fibre in a nicer form, set R + n j := {α j 1 , . . . , α j n j } for j = 1, . . . , s. We note that for every α ∈ R + n j (j = 1, . . . , s) we have
Thus
where we have set for j = 1, . . . , s
Therefore we can write (4.1) as
We note that Γ is positive semidefinite as each Γ j is so, j = 1, . . . , s.
The metric h o can be fully described by s positive numbers A 1 , . . . , A s where
and by a positive definite Hermitian k × k matrix H o , which represents h o | f×f w.r.t. the basis V. From (4.3) we immediately see that
If we set A := min i=1,...,s {A i }, we see that h i (t) are all positive when t ∈ [0, 2A). The flow equation boils down to (4.6)
that can be explicitely integrated to
Note that the righthandside of (4. In order to analyze the behaviour of the metric along the fiber when t approaches the limit 2A, we simply observe that (4.1) implies
therefore lim t→2A h(v,v) exists and is non-negative. Thus when t → 2A the metric along the fiber converges to a positive semidefinite Hermitian formĥ.
Proposition 4.1. There is a compact normal subgroup S of G such that the orbits of S c are the leaves of the distribution defined by the kernels ofĥ.
Proof. We consider the distribution Q on M which is defined for
It is clear that Q is G-invariant and J-stable, so that it is enough to study it at o := [L] ∈ M = G/L, where we can see q := Q o as a J-stable subspace of m. We write q c = q 10 ⊕ q 01 . We rearrange the indices so that A = A 1 = . . . = A p < A i for i = p+1, . . . , s and we define Z p to be the complex subspace of f 01 generated by Z 01 1 , . . . , Z 01 p . The limit formĥ is described by a pair (ĥ N ,ĥ F ), whereĥ N is a Ad(L)-invariant Hermitian form on n whose kernel is given by n 1 ⊕ . . . ⊕ n p andĥ F is a positive semidefinite Hermitian form on f.
Proof. It is enough to prove that Z p = (kerĥ F ) 01 . Throughout the following we will identify f 01 with C k by means of the basis V. Observe that (4.7) reads
where Θ p := p j=1 Γ j . Since the image of Γ j is spanned by Z 01 j for j = 1, . . . , k, we see that Θ p (Z p ) ⊆ Z p . Moreover, as each Γ j is Hermitian positive semidefinite, we have that ker Θ p = p j=1 ker Γ j = Z ⊥ p , where the orthogonal space Z ⊥ p is taken with respect to the standard Hermitian structure on C k . This implies that ker Θ p ∩ Z p = {0} and therefore Θ p (Z p ) = Z p . We also observe that Θ p is diagonalizable and therefore its image Z p is the sum of all eigenspaces with non-zero eigenvalues. If we set q := dim C Z p , there exists
where Λ(t) is positive definite for all t ∈ [0, 2A) and, when t → 2A, it converges to a positive definite matrixΛ := lim t→2A Λ(t).
We have
u (t) and using (4.9) we see that
whereΛ o is the minor ofΛ obtained intersecting the last k − q rows and the last k − q columns. Moreover
Thus we have that
and positive definite. The claim follows.
We define U := G 1 · . . . · G p . We observe that the universal complexification U c acts on M and that the U c -orbits define a G-invariant foliation. At the point o ∈ M we have that Z 1 ) f ) , . . . , I F ((Z p ) f )} = q by Lemma 4.2. Therefore the U c -orbits coincide with the leaves of Q.
Remark 4.3. Since the complex structure I F along the fiber is totally arbitrary, the U corbits are not necessarily closed. Note that G acts transitively on the set of U c -orbits and therefore one such orbit is closed if and only if all are so. 4.1. Static metrics. We say that an invariant Hermitian metric h on M is static for the HCF U if there exists λ ∈ R such that (4.10)
− K(h) = λh.
In terms of algebraic data on g this equation becomes 
On the other hand we have
as one can easily verify that (4.14)
Thus lim t→2A h(t) = 0.
We now consider the Hermitian metrich(t) which is homothetic to h(t) and has unitary volume, namelyh(t) := c(t)h(t) with c(t) = (vol h(t) (M )) −1/m . Now we see that there exists a positive constant V so that
where we have used that m = k + s i=1 n i . We can then write
and note that by (4.14),
We now have, for i = 1, . . . , s,
while, using (4.14)
Therefore the solutionh(t) to the normalized flow converges to the static metric satisfying (4.10) with λ = 1/ξ.
We can then formulate our first result as follows Theorem 4.4. Let M = G/L be a simply connected C-space with Tits fibration over a Hermitian symmetric space N whose irreducible factors have complex dimension at least two and are not complex quadrics. Any G-invariant Hermitian metric h on M is determined by a pair (h N , h F ), where h N is an Ad(L)-invariant Hermitian metric on n and h F is an arbitrary Hermitian metric on the fiber f.
Given any initial invariant Hermitian metric
we have: i) the solution h(t) to the HCF U is given by the pair (h N (t), h F (t)), where h N (t) depends only on h N o ; ii) the maximal existence domain of h N (t) is an interval (−∞, T ) with 0 < T < +∞ and the solution h F (t) exists and is positive definite on an interval (−r, T ) with 0 < r ≤ +∞. When t → T , the base N collapses to a product of some Hermitian symmetric spaces and the metric h(t) converges to a positive semidefinite Hermitian bilinear formĥ. The distribution given by the kernel ofĥ is integrable and its leaves coincide with the U c -orbits for a suitable compact connected normal subgroup U ⊆ G; iii) the manifold M admits a unique (up to homotheties) invariant Hermitian metric which is static for the HCF U . If h N (t) → 0 when t → T , then h(t) → 0 and the normalized flow with constant volume converges to a static metric.
The following proposition can be thought of as a complement of the main Theorem 4.4 when the U c -orbits are closed. We keep the same notation as in Theorem 4.4 and we consider the foliation, again denoted by Q, given by the U c -orbits. If d t denote the distance on M induced by the metric tensor h t (t ∈ [0, T )), we describe the Gromov-Hausdorff limit of the metric spaces (M, d t ) when t → T . Proof. Note that G acts transitively on the leaves of the G-invariant foliation Q. The closedness of the leaves implies that M is Hausdorff and it can be expressed as a coset space G/Û for some closed subgroupÛ that contains both U and L. At the level of Lie algebras we can write the decomposition g =û ⊕m, where the subspacem is defined as the κ-orthocomplement ofû. As l ⊂û we have that
This implies in particular that Ad(Û )|f = Id. Therefore the restrictionĥ|m ×m gives a positive definite Ad(Û )-invariant inner product which descends to a G-invariant Riemannian metric h on M .
We now prove the last statement, namely that for x, y ∈ M we have lim t→T d t (x, y) = d(p(x), p(y)), whered is the distance induced byh and p : M → M is the projection. We denote by γ t a minimizing geodesic for h t joining x with y. As (4.5) and (4.8) imply that h t (v, v) is a non-incerasing funtion of t for every tangent vector v, we see that d t (x, y) = ( dp • γ t ds , dp • γ t ds ) 1/2 ds ≥d(p(x), p(y)).
This means that lim inf t→T d t (x, y) ≥d(p(x), p(y)).
On the other hand let γ be a minimizing geodesic forh connecting p(x) with p(y). Letγ be a lift of γ starting at x with ending pointỹ. We choose a path η in p −1 (p(y)) connecting y withỹ. Then 
and L i is the semisimple part of K i for i = 1, 2 (see [4] , [18] ). The space M , which is T 2 -bundle over a product of two Hermitian symmetric spaces, can be endowed with many invariant complex structures as described in section 2. We consider now a more general C-space M which is given by a product of C-spaces of CalabiEckmann type M 1 , M 3 , . . . , M 2k−1 with M i = G i ·G i+1 /L i ·L i+1 , endowed with the invariant complex structure J given by the product of invariant complex structures on each factor M i , i = 1, 3, . . . , 2k − 1. We now consider an initial datum (h N o , h F o ), where h N o is determined by a sequence (A 1 , . . . , A 2k ). We can rearrange the indexes as in the proof of Proposition 4.1, i.e. A = A 1 = · · · = A p < A j for all j = p + 1, . . . , 2k. Note that there is an involution σ of the set {1, . . . , 2k} so that for each index 1 ≤ l ≤ 2k we have JZ l ∈ Span{Z l , Z σ(l) }. Hence Note that in this case the S c -orbits are closed. When t → 2A the manifold M collapses to a product of Hermitian symmetric spaces and a lower dimensional C-space M ′ of CalabiEckmann type. Indeed, if we set I 1 := {p + 1, . . . 2k} ∩ σ({p + 1, . . . , 2k}) and I 2 := {p + 1, . . . 2k} \ I 1 , then the manifold collapses to
